EXISTENCE OF GLOBAL SOLUTION OF THE CAUCHY PROBLEM FOR 
THE RELATIVISTIC BOLTZMANN EQUATION WITH HARD 

INTERACTIONS 



ZHENGLU JIANG AND LIJUN MA 

Abstract. By using the DiPerna and Lions techniques for the nonrelativistic Boltzmann cqua- 
oo : tion, it is shown that there exists a global mild solution to the Cauchy problem for the relativistic 

Boltzmann equation with the assumptions of the relativistic scattering cross section including 
some relativistic hard interactions and the initial data satifying finite mass, "inertia", energy 
and entropy. 

a 
»— » 

1. Introduction 

This paper is concerned with the study of the Cauchy problem for the relativistic Boltzmann 
Q-e equation (or briefly, RBE) pQ of the form 

|: % + -w.n. (u) 

at po ox 

where / = f(t,x,p) is a distribution function of a one-particle relativistic gas without external 
forces, t <G (0,+oo), x <G R 3 , p G R 3 , po = (1 + Ip] 2 ) 1 / 2 and Q(f,f) is the relativistic collision 
operator whose structure is described below. By using a similar technique to one given in the 
nonrelativistic case, this paper is to deduce the existence of a global mild solution to RBE (jl.ip 
£\j \ given an initial condition f\t=o = /o( x , p) in R 3 x R 3 which satisfies 

CO 

p; /o>0, // /o(l + |x| 2 +p + |ln/ |)d 3 xd 3 p<oo. (1.2) 

In ()1.2p . the second term of the integral can be regarded as a finite initial "inertia" of the 
relativistic system while the fourth one represents the Boltzmann entropy at an initial time. 
The two other terms of the integral in (II. 2D . from left to right, respectively, represent the mass 
and the energy in the relativistic system at the initial time. The finiteness of all the integrals 
^ ■ states that the relativistic system has finite mass, "inertia", energy and entropy at the initial 

state. 

If if £ 2?(R 3 ), then Q(tp, if) is a function of p given by 

Q(<p,<p) = -[ — / c^(pOv(pi)-^( P Mpi )]£(</, 0) (1.3) 
Po 7r3 Pio Js 2 



OO 
O 



where the different parts are explained below. In (jl.ip . Q(f,f) means Q(f(t, x, •), f(t, x, •)). 

p and pi are dimensionless momenta of two colliding particles immediately before collision 
while p' and p^ are, respectively, dimensionless momenta of the particles corresponding to p 
and pi immediately after collision; po = (1 + |p| 2 ) 1//2 and pio = (1 + |pi| 2 ) 1//2 are, respectively, 
the dimensionless energy of the particles with the momenta p and pi while p' = (1 + (p'l 2 ) 1 ^ 2 
and p'iq = (1 + Ip'il 2 ) 1 / 2 are, respectively, the dimensionless energy of the particles with the 
momenta p' and p^. As is standard, (pi = v?(pi) is denoted by (pi, etc., and primes are used 
to represent the results of collisions. R 3 is a three-dimensional Euclidean space and S 2 a unit 
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sphere surface. B(g,9) is given by B(g,9) = gs^a(c/,0)/2, where <r{g,Q) is a scattering cross 
section, s = \p\o + po\ 2 — |Pi + p| 2 5 9 = v|pi ~~ p| 2 ~~ \pio ~ Po| 2 /2, is the scattering angle 
defined in [0,tt] by cos6> = 1 - 2[(p - Pio)(Po - Po) ~~ (P ~ Pi)(P ~ p')]/( 4 ~ s )- Obviously, 
s = 4 + 4g 2 . dn = sm.6d0dip, 0<6><vr, 0<V><2tt. 

The DiPerna and Lions techniques for the nonrelativistic Boltzmann equation were first ap- 
plied by Dudyhski and Ekiel-Jezewska [2J to prove global existence of solutions to the Cauchy 
problem for RBE with the assumptions of the relativistic scattering cross section excluding the 
relativistic hard interactions and the initial data satisfying finite mass, energy and entropy. 
Unlike in the nonrelativistic case, the causality of solutions to RBE is used by Dudyhski and 
Ekiel-Jezewska into their proof and so the relativistic initial data is not required to have finite 
"inertia". Their results are correct but the relativistic scattering cross section does not include 
the cases about the relativistic hard interactions. After that, a different device was also given in 
[3] to show global existence of solutions to the large-data Cauchy problem for RBE with some 
relativistic hard interactions; in this proof, the property of the causality of RBE is not used 
directly in solving the Cauchy problem but it is assumed that the initial data satisfies 

/o> 0, // /o(l+po|x| 2 +po + |ln/o|)d 3 xd 3 p<oo, (1.4) 

J JR3XR3 

i.e., finite mass, "inertia", energy and entropy. The objective of this paper is to show that there 
exists a global mild solutions to the large-data Cauchy problem for RBE with some relativistic 
hard interactions under the condition of the initial data fo satisfying (jl.2p . that is, 

Theorem 1.1. Let B(g,6) be the relativistic collision kernel of RBE U.l\) , defined above, and 
Br a ball with a center at the origin and a radius R, A(g) = j s2 d£lB(g,9). Assume that 

B(g, 9)>0 a.e. in [0, +oo) x S 2 , B{g, 9) G Lj oc (K 3 x S 2 ), (1.5) 

1 f 

-^-A(g)^0 as |p|-> + oo, for Vi?G(0, +oo). (1.6) 
Po Jb r PlO 

Then RBE has a mild or equivalently a renormalized solution f through initial data fo 

with lil.ty) , satisfying the following properties 

/eC([0,+oo);L 1 (R 3 xR 3 )), (1.7) 

L(f) G L°° ([0, +co); L 1 (R 3 x Br)) for all Vi?e(0, +oo), (1.8) 

Q + (f,f) 



£L l ([0,T];L 1 (R d xB R )) for Vi?e(0, +oo) and VTe[0, +oo), (1.9) 



1 + / 

sup If /(l + |x| 2 +p + |ln/|)d 3 xd 3 p<C T , (1.10) 

0<t<T JjR3xR 3 

where Ct is a positive constant only dependent of fo and T for VT € [0, +oo). 

Obviously, the assumption of (II. 2D is weaker than that of (ll.4p and so this result is better 
than that obtained in [3]. Also, our proof is simpler than that given in [3]. 
It is clear that the condition (II. 5h is equivalent to the following one: 



a(g,9) > in [0, +oo) x S 2 ,g(l + g 2 ) 1/2 a(g, 9) E L^QO, +oo) x S 2 ), (1.11) 

which was first defined by Jiang [3]. The assumption (|1.6p was originally introduced by Jiang 
|4J [5 J . Obviously, the relativistic assumptions (II. 5p and (II. 6p are similar to the following nonrel- 
ativistic ones adopted by DiPerna and Lions [6]: 

B(z,lo) > a.e. in K N x S N ~\ B(z, u) G Lj oc (R N x S^ 1 ), (1.12) 

-j-tt dzi(z)->0 as|£H + oo, for Vi?G(0,+oo), (1.13) 

1 + l?r J\z-£\<R 
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where B(z,u) is a function of |z|, |(z,u;)| only, A(z) = J s n-i dujB(z,uj). It is also easy to see that 
the condition (|1.6|) includes some relativistic hard interactions defined as f s2 d£lB(g,0) > Cg 2 , 
where C is a positive constant (see [7]). But it was assumed by Dudyhski and Ekiel-Jezewska 
(see [2]) that B(g,9) satisfies (jl.5D and the following condition: 

1 f (i 3 D 

— — —A(g)^0 as |p|-> + oo, for Vi?G(0, +oo), (1.14) 

PO J B R PlQ 

where -B^ and ^4(<?) are the same as f 1 1 . 6 [) : it has been claimed in [2] that their assumptions of 
B(g,9) exclude the relativistic hard interactions. It follows that (|1.14|) is more restrictive than 
». 

Apart from those mentioned above, there are many other outstanding results relevant to 
the study of the Cauchy problem for RBE, e.g., the works of Andreasson, Bancel, Bichteler, 
Cercignani, Glassey, Kremer, Strauss and so on (see [S][!J]|1U||11||12|[T3]), It is worth mentioning 
that the recent work of Glassey [2] not only introduces many relevant books and papers but 
also is a breakthrough. These are very helpful to our further studying this problem. 

2. Conservation Laws and Entropy 

As in the nonrelativistic case, the structure of the relativistic collision operator maintains 
not only the conversation of mass, momenta and energy in the relativistic system, but also the 
property that the entropy of the system does not decrease. 

For convenience, let us first introduce the following notations: 

Q+( l p, (p ) = lf f ^(pWi)£M), (2.1) 
Po Jr3 Pio Js 2 

H<p) = -[ — / dn<p( Pl )B{g,e), (2.2) 
Po Jr3 Pio Js 2 

Q-(tp,<p) = <P(pM<P)- ( 2 - 3 ) 

Obviously, 

Q(tp,<p) =Q + (<p,<p)-Q-(v,v). (2.4) 
Finally, it can be known that (II. 3p has the following equivalent form 



Q(f,f) = l III ^^[/'/{-//^V^pi, (2.5) 
2 J J J P0P10P0P10 

R 3 xR 3 xR 3 

where 

W(p, Pl ; p', pi) = sa(g, 0)6® (p + Pl - p' - p[)5(p + Pw -p' Q - p' w ), (2.6) 

which is called transition rate for RBE (see [T] ) . Note that energy and momenta of two colliding 
particles conserve before and after collision. It can be then shown from (12. 6\\ that the transition 
rate for RBE satisfies 

w(p,pi;p',p'i) = w(p',p1;p,pi) = ^(pi,p;pi,pO = wVi,p';pi,p)- (2-7) 

By using (jl.3|) . f)2.5j) and (|2.7p . it can be easily proved that 

/ ip(p)Q(<p,<p)d 3 p = ] [[ ^1 / dos( 5) 0)[^Vi-m] 

JR3 4 J J R 3 xR 3 PoPlO JS 2 

•^(p)+^(p 1 )-V(p')-V'(p , i)] (2.8) 
where Q ± (ip,(p)ip(p) G L X (R 3 ) for any given ijj(p) G L°°(R 3 ) and <p(p) G L X (R 3 ). It follows 
from (23} that J R3 $Q(f,f)d 3 p = if / = /(i,x,p) is a distributional solution to RBE flTTTj) 
such that J" R3 4>Q(f, f)d 3 p < +00 for almost all t and x and V> = 60 + bp + coPo> where 
t>o G R, b G R 3 ,cq G R. Furthermore, it is at least formally found that J/ R 3 xR 3 tpfd 3 xd 3 p is 
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independent of t for any distributional solution / to RBE (jl.ip . This yields the conservation of 
mass, momentum and energy of the relativistic system. 

Fortunately, the desired estimate of the "inertia" J/ R 3 xR 3 /|x| 2 <i 3 xd 3 p under the assumption 
of (11.21) can be also made successfully (see [E]). This estimate is different from that of the 
"inertia" J/ R 3 xR 3 /Po| x | 2 ^ 3x ^ 3 P defined by Jiang [3] under the assumption (II. 4|) . To show this 
estimate, it requires the following identity 



d_ 

dt 



/|x| 2 d 3 xd 3 p = 2 /(xp/^tfWp (2.9) 

R 3 xR 3 ijR 3 xR 3 



derived by multiplying RBE (II. 1|) by |x| 2 and integrating by parts over x and p. It follows from 
(l2~9l) that 



d_ 

dt 



/IxlVxtTp < / / f\*\ z d 6 y.d i p + /(fxffp. (2.10) 

R 3 xR 3 JJr 3 xR 3 JJR 3 xR 3 



This yields the following inequality 



sup / / /[x| Vx(i 3 p < e 1 / / / (1 + \x\ 2 )d 3 xd 3 p (2.11) 

0<KTJjR3xR 3 JJr 3 xR 3 

for any given T > by multiplying the two sides of (I2,10|) by e~* and using the conservation of the 
mass of the relativistic system. The inequality given by (12. IIP illustrates that the relativistic 
"inertia" of /|x| 2 over all the space and momentum variables in any given time interval is 
controlled by both mass and "inertia" at the initial state of the relativistic system. 

Next, let us show the property that the entropy is always a nondecreasing function of t in the 
relativistic system. To do this, we first deduce at least formally the following relativistic entropy 
identity 

£// /ln/d 3 xd 3 P + -L // **[ d£W(g,0) 
«' iiR3xR3 WO J 7R 3 xR 3 PlO Js 2 

■ [f'f'i ~ ffi] In (j^) = ( 2 - 12 ) 

by multiplying RBE (II. ip by 1 + In /, integrating over x and p and using (|2.8p . In general, 
J/ R 3 xR3 /ln/(i 3 xci 3 p is denoted by H(t) and called H-function. Boltzmann's entropy is usually 
defined by —H(t). The second term in (|2.12p is nonnegative and so H(t) is a nonincreasing 
function of t. This means that the entropy of the relativistic system does not decrease. This 
property allows the desired estimate of the relativistic entropy to be derived from the Cauchy 
problem for RBE (flTT]) . 

The entropy can be controlled by the integral JJ* R 3 xR3 /| In /|(i 3 x(i 3 p for any nonnegative 
solution / to RBE (II. ip and so it is natural to make the considered estimate of the integral 
instead of the entropy. Note that 

// /|ln/|d 3 xd 3 p= // flnfd 3 xd 3 p + 2 [[ f\lnf\d 3 xd 3 p 
JJr 3 xR 3 JyR 3 xR 3 JJf<l 

< [[ /ln/d 3 xd 3 p + 2 [[ /(|x| 2 +p )rf 3 xd 3 p 
iJR 3 xR 3 JJR 3 xR 3 

+ 2// /ln(l//)(f 3 xd 3 p 

<ff flnfd 3 xd 3 p + 2 I f /(|x| 2 + p )d 3 xd 3 p + d (2.13) 
iiR 3 xR 3 JjR 3 xR 3 
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where C\ is some positive constant independent of /. By using (|2.12p and (|2. 13|) . it can be then 
deduced that 



sup 

0<t<T 



// /|ln/|d 3 xd 3 p 



< // /o[2e J (|x| 2 + l) + 2p + |ln/o|]^xd d p + C 1 . (2.14) 

3. Proof of Theorem 11.11 

In this section we show our theorem given in Section [1] by use of the DiPerna and Lions global 
existence proof with only minor adjustments. 

Let us first consider a similar approximation scheme to that given by DiPerna and Lions 
[6] in the nonrelativistic case. Put /q - = min(_/ol| x | 2 +|p| 2 <ni n ) + n e ^' X ' + an< ^ B n (g,9) = 
gs^a n (g,9) where a n (g,9) = a(g,9)l a{gM)<n {g,9)l >L (g)l sin0> i{9)l Po+pw < n for n = 1, 2, 3, • • • , 
and through this paper, all the functions denoted by 1 with subscript expressions, such as 
l| x | 2 +|p| 2 <n; represent characteristic functions. It follows that 

d 3 xd 3 p|/ - / "|(1 + |x| 2 +p ) -► as n -> +oo, (3.1) 

R3xR3 

<PxtPpft\hiff\ <C, (3.2) 

R 3 xR 3 

where C is a positive constant independent of n. It is also found from (jl.5f> that B n (g,9) € 
L°° n L 1 (R 3 ; L 1 (S' 2 )) and 

// (^pdniBn^e)- 5( 5 ,e)| ->0 (3.3) 
J JB R xS 2 

uniformly in {pi : |pi| < k} as n — > +oo for Vi?, A; G (0, +oo). 

Then the collision kernel of RBE (II. ip is replaced by B n (g,9) to solve the following Cauchy 
problem 

df n p df n 

4r + = ^«(/ n > / n |*=o = /o • (3-4) 

Here and below, Qn is defined by Qni^, f) = (1 + ^ J R 3 M^ 3 p) _1 Qn(¥\ V 9 ) an d 

Q n (<p,<p) = - f — / dn[^(p / )^(p , 1 )-^(p) ¥ '(p 1 )] J B n ( 5) 0). (3.5) 

Po 7r3 pio 7s 2 

It follows from (|33J) that for all ip,ip £ L°°([0, +oo) x R 3 xR 3 ) n L 1 (R 3 xR 3 )), 

IIQn^ 9 j )IIl° c ([0,+oo)xR 3 xR3) < C n | Mk°°([0,+oo)xR 3 xR 3 )> (3-6) 

\\Qn(<P, ^)IIl 1 (R 3 xR3) < Cnl^llL^RSxR 3 ), (3.7) 

| |Q„ -Qn(^ 9 ^)IUi(R3 X R») < CnllV- V'lU^RSxR 3 ); (3-8) 
here and below everywhere, C n is a nonnegative constant independent of ip and ^. 

Existence and uniqueness of distributional solutions to the Cauchy problem given by (13.41) 
can be below established. The first step to show this is to construct a set T such that each 
cp = ip(t, x, p) belongs to T if and only if tp is a measurable function defined in [0, +oo) x R 3 x R 3 
and satisfies 

(») sup e- c "*|^(t,x,p)|<||/ n || LK!(R 3 ><R 3 ) , 

(t,x,p)e[0,+oo)xR 3 xR3 

Cnt I / I,„I^3„j3, 



(«) sup e / / Md d xtf J p<||/ n || L i (R 3 xR 3 ) . 

0<t<+oo J JR3 X R3 
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The second is to define a mapping on T as follows: for each ip G J 7 , 

ft 

Jn(p)(t,x,p) = /o (x - t— ,p) + / Q n ((p,(p)(cr,x + (a -t)—,p)da. (3.9) 

Po Jo Po 

Then, by ()3.6fl . (j3.7l) and (13. 8jl . it can be proved that J n {!F) C J 7 and that J n is contractive, i.e., 
for every g,h £ J 7 , 

sup e ~ 2Cnt / |J n ( 5 )(t,x,p) - J n (/i)(t,x,p)|o! 3 x(i 3 p 

0<t<+oo J JR3 X R 3 

<i sup e- 2C "' / / \g(t,x,p) - h(t,x,p)\d 3 xd 3 p. (3.10) 

^ 0<t<+oo J JR3 X R 3 

Therefore there exists a unique element f n = / n (i, x, p) £ J 7 such that for almost every (x, p) G 
R 3 xR 3 , 

(/")#(*, x,p) = J n (D # (t,x,p) for Vt G [0,+oo), (3.11) 

here and below, hft denotes, for any measurable function h on (0, +oo) xR 3 xR 3 ,the following 
restriction to characteristics: hft(t,x,p) = h(t,x. + t^, p). It can be also easily proved that 

Qn{f n ,f n ) G L[ oc (R 3 x R 3 ) and hence f n is a distributional solution to (l3~ID . 

It is below shown that / n (t,x, p)>0 for almost every (t,x,p) G [0,+oo) x R 3 xR 3 . To show 
this, another mapping J+ is first defined as follows: J^if) = max(0, J n (f)) for V/ G = {/ : 

a.e. 

f G T and / > 0}. J- + is a subset of T . Similarly, it can be easily shown that the mapping 
maps J- + into itself and is uniformly contractive with an inequality similar to (|3.10p . i.e., for 
every g,h G T + , 

sup e- 2C "' / f \J+(g)(t,x,p)-J+(h)(t,x,p)\d 3 xd 3 p 

0<t<+oo J JR3xR 3 

<l sup e~ 2Cnt [ [ \g(t,x,p) - h(t,x,p)\d 3 xd 3 p. (3.12) 

* 0<t<+oo 7 JR3 X R 3 

Then there exists a unique element / G J- + such that J^(f) = / f° r almost every (i, x, £) G 
[0,+oo) x R 3 x R 3 . Thus, if / = J n (f) for almost every (i,x,f) G [0, +oo) x R 3 x R 3 , / 
is a distributional solution to (|3.4[) through /q - in the time interval [0, +oo), and J a = f n . It 
will be below shown that J n (/) a = : /, or equivalently, J n (/)#"= '/#. In fact, by (|3.9p . it is 
known that J n (f) ^ s absolutely continuous with respect to i G [0, +oo) for almost every 
(x, £) G R 3 x R 3 . It may be assumed without loss of generality that J n (/)#(i, x, £) is con- 
tinuous for all (i, x, £). To prove that J n (f) = /*) ^ suffices to prove that J n (/) # > 0. 
Assume that J n (fr(to, xo, £o) < for some point (io> x o,£o) G [0, +oo) x R 3 x R 3 . Note that 
Jn(f) (0)Xo,^o) = /^(xo^o) > 0. Then two values t* and ii can be found in [0,to) such that 
J„(/)#(t*,xo,^o) = and J n tf)*(t, x , &) < for all i G (f.tj], so that /#(t,x ,£ ) = 
for all t G [t*,ti]. By (pT5j> . it can be known that > J n (f)*{t, x , f ) > J n {f) # {t*, x , Co) for 
Vt G (i=Mi). This is a contradiction with J n (f)*(t*, x , Co) = 0. Therefore f n = f = J n (f) > 
for almost every (t,x,C) G [0,+oo) x R 3 x R 3 . 

The properties of {f n (t, x, p)}^L 1 are discussed below. Obviously, f n satisfies 

< / n GL oo nL 1 ((0,T)xR 3 xR 3 ) (VT < +oo). (3.13) 

Furthermore, by using (|3,lip . it can be proved that 

/ n (t,x,p)GC([0,+oo);L 1 (R 3 xR 3 )). (3.14) 

For convenience, Q+,L n and Q~ are, respectively, denoted by 

Q+(y,¥>) = (l + - / WvT 1 - I' — / dJWMPi)£nM), (3.15) 
« Jr 3 Po Jr 3 Pio Js 2 
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L n (<p) = (l + -[ W'p)- 1 - [ ^ [ dn<p( Pl )B n (g,0). (3.16) 
n Jr3 po J R 3 pio Js? 

Qn(V>, <P) = <P(p)Ln(<p), (3-17) 

Obviously, 

Q n (<p,ip) =Q+((p,cp) -Qn ( 3 - 18 ) 
Similarly, (|3.5p is equivalent to the form 

Q n {vM = \ III Wn{v ' Pi;p / P ' l} W - m^PidyrfVi (3.19) 

2 J J J PoPioPoPio 

R 3 xR 3 xR 3 

with 

W„(p, Pl ; p', pi) = sa n ( 5 , 0)5® (p + Pl - p' - pi)% + Pxo - p' - p' w )- (3-20) 

If Q^(ip,if)ijj(p) G T X (R 3 ) for every given ^(p) G L°°(R 3 ) and ip(p) G L 1 (R 3 ), then it can be 
deduced by using (|3.20|> that 

/ *(p)Q„(^)<fy=i(l+/ ^P)- 1 /// d3pid3p(m B n (g,9) 

iR3 4 J R3 JJJR3 X R3x5 2 

• [</Vi - W i][V(p) + ^(pi) - Hp') - ^(pi)]. (3.21) 

By (I3.15p . (|3.16|) and (|3.17f) . it is obvious to see that 

Q+(/ n ,r),Qn(/ n ,r)GLL((0,+^)xR 3 xR 3 ). (3.22) 
Then, by p. lip . (I2.12p . (13.211) and Gronwall's inequality, it can be found that 

sup f I / n (l + |x| 2 +po + \lnf n \)d 3 xd 3 p<C T . (3.23) 

0<t<TJ J R3 X R3 

It also follows by (j2TT2l) that 

i/ + 7 {(!+/ Ml-/// ^^B nM 

4 J0 JRH J R 3 J J jR3 x R3xS 2 

• (/ n, /r - r/i> ^wSr ^d 3 x<c T . (3.24) 



/ n /r 

In (|3.23p and (|3.24p Ct is a positive constant only dependent of fo and T except of n. By using 
necessary and sufficient conditions of a weakly compact set in the //-space (see [16], Page 347, 
IV.13.54), it can be deduced from (ET231) that {f n }™ =1 is weakly compact in L 1 ((0,T)xR 3 xR 3 ) 
(VT < +oo) and so it may be assumed without loss of generality that f n converges weakly in 
L 1 ((0,T)xR 3 xR 3 ) to /GL / 1 oc ([0,+oo)xR 3 xR 3 ) as + oo for all T G (0,+oo). Obviously, 
/ > and f\t=o = /o(x, p) for almost every (x, P )gR 3 xR 3 . It is also known that (|3.23p yields 

(EH}. 

It can be also claimed that for VT, R G (0, +oo), {Q^ (f n i f n )/(.l+f n )}% ) =i are weakly compact 
subsets of L 1 ((0,T)xR 3 x J B i? ). 

Once this claim is proven, it follows that / is a global mild solution to RBE (|1.1|) satisfying 
(|l,7p . p.8p . (|1.9p and (jl.lOp . by analyzing step by step the subsolutions and supersolutions of 
RBE (jl.ip with a similar device to that given by DiPerna and Lions [6]. Our analysis not only 
allows for the relations among three different types of solutions to RBE (jl.ip (see [3]) but also 
requires the momentum-averaged compactness of the transport operator of RBE (jl.ip (see [T7] 
or [H]). 

It remains to show this claim. In the case of Q~, to prove this, it suffices to prove that L n (f n ) 
belongs to some weakly compact subset of L 1 ((0, T) x R 3 x Br). Denote L n k (k = 1, 2, 3, • • • ) 
by 

L nk (n = (i+~f \r\d\r 1 - I — I dnr( P1 )B n ( g ,e)i lPll<k . (3.25) 

n 7 R 3 po Jrs pio J S 2 IH '- 
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Then put ^(y) = y(lny) + and define b k := b k (t, x, p) by 



Thus 



b k = (! + -[ ir^p)- 1 - / ^/ dOS n ( 5) 0)l| pi | <fc . (3.26) 

* (i„ fc (/ n ))<6^(^|^) + Qnb k )L nk (f n ). (3.27) 

Take a n = \f n \L°° + 1 and v = b^ 1 L nk (f n ). Since ^(y) is convex, there exists a positive constant 
/? n which depends only on t, x, p and n, such that, forO<u<t;<?z;< a n , 



which gives 
in particular, 
It follows that 



$>(u) - ^>(v) n $>(v) - $>(w) 

< — — — <(3 n < — — — 

u — V v — w 



*(u)>*(v)+p n (u-v) (VuG [0,a n ]), 

*(/r)>*w+/3 n (/i n -^). 



< r / / ^^W)i| P1 |<^Wa (3.28) 



By (13.271) and (|3.28j) . it can be concluded that 
/ / y(L nk (f n ))d 3 xd 3 p 

J JR 3 xB R 

<( ( iff ^^*(/f)l| pl |< fc d 3 Pl ^jd 3 xd 3 p 

J Jr 3 xB r [J Jr 3 xS 2 POPIO ' J 



+ / / (lnb k )L nk (f n )d 3 xd 3 p. (3.29) 

J JR 3 xB R 

It can be known from (|1.5|) that < 6^ < 6^ for all (f, x, p) € (0, +oo) x R 3 x B R and 



f f B n (g,0) ^ 3 

/ / l|pi|<fcl| P |<iid pdQ 

J Jr, 3 xS 2 PoPio 1 



< / / ^^l| Pl |< fc l|p|<^ 3 p^<6 ra , (3.30) 
J Jn 3 xS 2 POPIO ' 

where b Rk is a positive constant which depends only on R and k, thus it can be shown from 
(1335]) and (13391) that 



/ / y(L nk (f n ))d 3 xd 3 p 

J JR 3 xB R 

<b Rk [ [ *(f n )d 3 xd 3 p + b Rk \lnb Rk \ [ [ f n d 3 xd 3 p. 
J ia 3 xR 3 J JR 3 xR 3 



Hence, by fl3~23j) . (L nk (f n ))}™ =1 is bounded in L°°((0, T); L X (R 3 x for every given fc. It 
can be also known from (|3.23j) . (|3.25p and ()3.30p that 

sup// L nk (f n )(l + \x\ 2 + Po )d 3 xd 3 p<C Rk (3.31) 

n>lj J-R 3 xB R 

where C Rk is a positive constant which only depends on R and k. It follows that L nk (f n ) belongs 
to a weakly compact subset of i 1 ((0, T) x R 3 x 5#) for any given R and k in (0, +oo). 
On the other hand, it can be shown that as k — > +oo, 

sup sup \L nk (f n ) - L n (f n )\ L i {R3xBR) — > 0. (3.32) 

iG[0,T] n>l 
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Indeed, it can be known from (|1 .6j) that, for every small a > 0, there exists &o > 0, such that, 
as |pi| > ko, 



dTpdSl < api . (3.33) 



'B R xS 2 PoPw 

By using (|3.25|) and (|3.33p . it can be shown that, as k > ko, 

sup sup|L nfc (/ n ) - L n (/ n )| L i (R 3 xBfi) 

tS[0,T] n>l 

< sup sup / / Iff B< " 9,9 "' d 3 pdQ -1, {>k fA d 3 xd 3 Pl 
te\os]n>iJ Jr3 X r 3 IU Jb r xS 2 PoPw J J 



te[0,T] n>l ■ 

< a ■ sup sup / / pio/i'd 3 xd 3 pi. 

t€[0,T}n>XJ JR3 X R 3 

This leads easily to (l3~32l) by using (|3~23j) . 

Therefore, by (|3.3ip and (|3.32j) . it can be easily deduced that {L n (/ n )} is weakly compact in 
L\(0,T) xK 3 x B R ). 

In the case of Qn> the following inequality is used: 

~n 



Q±(f n ,n<KQT(p,p) + 



In if 

for every if > 1, where e n is defined by 



r3xr3 XS 2 piopo i + i/ R3 |/«|(i 3 p v/ n /r 

and thus, by (|3.24[) and the above result in the case of Q~, it can be shown that 

belongs to some weakly compact subset of L 1 ((0, T) x R 3 x Br) for any given R and T in 

(0,+oo). 

The proof of this claim is finished and the theorem holds. 

Remark 1. The proof of the existence and uniqueness of global solution to the Cauchy problem 
(|3.4|) is simpler than that given in [3]. 

Remark 2 . By using the device of Dudynski and Ekiel- Jezewska [2] , the causality of RBE (II. ip 
(see |19| |20j) can be directly applied into the further proof of the existence of global solution 
to the Cauchy problem for RBE (II. ip in some relativistic hard interaction cases with the finite 
initial physically natural bounds excluding the finite initial "inertia", i.e., with the initial data 
/o(x,p) satisfying 

/o>'0, If / (l+Po + |ln/o|)d 3 x(i 3 p< oo. (3.34) 

J JR 3 XR3 

Exactly speaking, under the assumptions of (|1.5|) . (|1.6|) and (|3.34p . RBE (jl.ip has a mild or 
equivalently a renormalized solution / through initial data /o, satisfying (|1.7|) . (|1.8|) . (|1.9|) and 



sup / / f(l +p + In/JcTxcfp < +oo. (3.35) 

t>0 J J R 3 xR 3 

The first author of this paper will give another paper to show a detail proof of this result. 

Acknowledgement. This work was supported by grants of NSFC 10271121 and joint grants of NSFC 
10511120278/10611120371 and RFBR 04-02-39026. This work was also sponsored by SRF for ROCS, 
SEM. We thank Professor Hisao Fujita Yashima very much for his finding two typos in the Chinese 
Edition of this paper: one is the definition of the variable g and the other the sign after the first term 
on the right side of the equality in (|2.13[) . We would like to thank the referee of this paper for his/her 
valuable comments on this work. 



10 



ZHENGLU JIANG AND LIJUN MA 



References 

[I] do Groot S. R., Van Leeuwen W. A., Van Weert Ch. G., Relativistic Kinetic Theory [M], North-Holland, 
Amsterdam, 1980. 

[2] Dudyhski M., Ekiel-Jezewska M. L., Global Existence Proof for Relativistic Boltzmann Equation, J. Stat. 
Phys., 1992, 66 (3/4): 991-1001. 

[3] Jiang Z., On the relativistic Boltzmann equation, Acta Mathematica Scientia, 1998, 18(3): 348-360. 

[4] Jiang Z., A proof of the existence of global solutions for the relativistic Boltzmann equation with hard 
interactions, J. Wuhan Univ. Natur. Sci. Ed. (in Chinese), 1997, 43(1): 1-6. 

[5] Jiang Z., On the Cauchy Problem for the Relativistic Boltzmann Equation in a Periodic Box: Global Exis- 
tence, Transp. theory Stat. Phys., 1999, 28(6): 617-628. 

[6] DiPerna R. J., Lions P. L., On the Cauchy problem for Boltzmann equations: Global existence and weak 
stability, Ann. Math., 1989, 130: 321-366. 

[7] Dudyhski M., Ekiel-Jezewska M. L., On the Linearized Relativistic Boltzmann Equation, Commun. Math. 
Phys., 1988, 115: 607-629. 

[8] Andreasson H., Regularity of the gain term and strong L 1 convergence to equilibrium for the relativistic 

Boltzmann equation, SIAM, J. Math. Anal., 1996, 27: 1386-1405. 
[9] Bancel D., Probleme de Cauchy pour l'equation de Boltzmann en relativite generate, Ann. Inst. Henri 

Poincare 1973, 18: 263-284. 

[10] Bichteler K., On the Cauchy problem of the relativistic Boltzmann equation, Commun. Math. Phys., 1967, 
4: 352-364. 

[II] Glassey R., Strauss W., On the derivatives of the collision map of relativistic particles, Transp. theory Stat. 
Phys., 1991, 20: 55-68. 

[12] Glassey R., Strauss W., Asymptotic stability of the relativistic equilibrium, Publ. R.I. M.S. Kyoto Univ., 
1992, 29: 301-347. 

[13] Glassey R., Strauss W., Asymptotic stability of the relativistic Maxwellian via Fourteen Moments, Transp. 

theory Stat. Phys., 1995, 24: 657-678. 
[14] Glassey R., Global solutions to the Cauchy problem for the relativistic Boltzmann equation with near- vacuum 

data, Commun. Math. Phys. 2006, 264: 705-724. 
[15] Cercignani C, Kremer G., The relativistic Boltzmann equation, theory and applications, Birkhaeuser, 

Boston, 2002. 

[16] Dunford N., Schwartz J. T. , Linear Operators, Part I, 1958. 

[17] Golse F., Lions P. L., Perthame B., Sentis R., Regularity of the moments of the solution of a transport 

equation, Journal of Functional Analysis, 1988, 76: 110-125. 
[18] Jiang Z., Compactness Related to the Transport Operator of the Relativistic Boltzmann Equation, Journal 

of Mathematical Physics (in Chinese), 1997, 17(3): 330-335. 
[19] Dudyhski M., Ekiel-Jezewska M. L., Causality of the Linearized Relativistic Boltzmann Equation, Phys. Rev. 

Lett., 1985, 55: 2831-2834. 

[20] Dudyhski M., Ekiel-Jezewska M. L., Errata: Causality of the Linearized Relativistic Boltzmann Equation, 
Phys. Rev. Lett., 1985, 56: 2228-2228. 

Department of Mathematics, Zhongshan University, Guangzhou 510275, P. R. China 
E-mail address: mcsjzl@mail.sysu.edu.cn 

Department of Mathematics, Zhongshan University, Guangzhou 510275, P. R. China 
E-mail address: mljzsu@163.com 



